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Extra Practice Problems 1

Here are some extra practice problems on topics that were popular on the Google Moderator site.
We'll release solutions to these problems later this week.

Problem One: Functions
Let f : A → B and g : B → C be functions. Notice that f's codomain is B, which happens to be the
domain of C. That means that we can apply g to the output of f.

Let's define the composition of f and g as follows. If  f :  A → B and g :  B → C are functions, the
composition of f and g, denoted (g ∘ f), is a function g ∘ f : A → C such that (g ∘ f)(x) = g(f(x)). In
other words, the function named g ∘ f is evaluated by applying f to the input, then applying g to the
result of f.

i. Prove that if f is surjective and g is not a bijection, then g ∘ f is not a bijection.

ii. Prove that if f is not a bijection and g is injective, then g ∘ f is not a bijection.

iii. Find examples of functions f and g where neither f nor g is bijective, but g ∘ f is a bijection.

As hints for each of the above problems: we highly recommend starting off by drawing pictures to
get a sense for how these properties interact, then turning some of your insights from those pictures
into actual proofs.

Problem Two: Cardinality
The set ℚ is the set of all rational numbers. Formally, ℚ = { p / q | p, q ∈ ℤ and q ≠ 0 }.

i. Prove that |ℚ| = |ℕ|. (Hint: Use the Cantor-Bernstein-Schroeder Theorem)

We say that a set A is a strict subset of a set B, denoted A ⊂ B, if A ⊆ B and A ≠ B.

ii. Prove or disprove: If A ⊂ B, then |A| < |B|.

On Problem Set Four, you proved that if |A| = |C| and |B| = |D|, then |A × B| = |C × D|.

iii. Prove or disprove: if |A × B| = |C × D|, then |A| = |C| and |B| = |D|.

Consider the set ℕ ∪ {★}, where ★ is some object that isn't a natural number.

iv. Prove or disprove: |ℕ ∪ {★}| = |ℕ|.
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Problem Three: A Clash of Kings
Chess is a game played on an 8 × 8 grid with a variety of pieces. In chess, no two king pieces can
ever occupy two squares that are immediately adjacent to one another horizontally, vertically, or di-
agonally. For example, the following positions are illegal:

Prove that it is impossible to legally place 17 kings onto a chessboard.

Problem Four: Coloring a Grid, Take Two
Suppose every point in a 3 × 7 grid is colored either red or blue. Prove that there must be four
points of the same color that form a rectangle.

Problem Five: Slicing an Orange
Suppose that you have an orange with five stickers on it. Prove that there is a way to slice the orange
perfectly in half so that one of the halves of the orange has parts of at least four of the stickers on it.

Problem Six: Translating into Logic
i. Given the predicates

Real(x), which says that x is a real number;
Set(S), which says that S is a set;
x ∈ y, which says that x is an element of y; and
x < y, which says that x is less than y,

write a statement in first-order logic that says “there is a nonempty set of real numbers with
no least element.” The least elememt of a set is an element of that set that is less than all
other elements of that set.

ii. Given the predicates

Set(S), which says that S is a set;
x ∈ y, which says that x is an element of y;
Graph(G), which says that G is a graph;
NodeIn(v, G), which says that v is a node in graph G; and
EdgeIn(u, v, G), which says that there is an edge between u and v in graph G,

write a statement in first-order logic that says “there is at least one bipartite graph.”
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Problem Seven: Graph Coloring
This question explores graph coloring in a slightly broader context than you saw it on PS3.

i. Prove that for any n ∈ ℕ, there is a 2-colorable graph containing a node of degree n. This
shows that the maximum degree of a node in a graph does not necessarily tell you anything
about its chromatic number.

ii. Let G be a graph that is not 2-colorable. Prove that G contains a cycle of odd length. (Hint:
Prove the contrapositive. What do you know about graphs with no odd-length cycles?)

iii. 2-colorability, 3-colorability, and 4-colorability commonly come up in computer science and
discrete mathematics, but 1-colorability is rarely talked about. Why do you think that is?

Problem Eight: The Counterfeit Coin Problem Revisited
One of our first induction problems was the  counterfeit coin problem. In that problem, we proved
that if you have 3n coins where exactly one coin in the bunch is heavier than the rest, it's possible to
find that coin using at most n weighings on a balance.

Now, consider the following variation on this problem. Suppose that you have a collection of 3n – 1
coins where either all the coins are genuine, or there is one counterfeit coin that's heavier than the
rest. Prove that with n weighings on a balance, it's possible to determine whether (a) all the coins are
the same, or (b) which of the coins is counterfeit.


